CAPITULO 6.- LA
TRANSFORMADA DE LAPLACE.

6.1 Introduccion.

6.2 La transformada de Laplace.

6.3 La transformada de Laplace unilateral.
6.4 Inversion de la transformada de Laplace.

6.5 Solucidn de ecuaciones diferenciales con condiciones
iniciales.

6.6 La transformada de Laplace bilateral.

6.7 Analisis de sistemas mediante la transformada de Laplace.

6.1 Introduccion.

Generalizamos la representacion senoidal compleja de la FT
Caracterizaciéon mas amplia de sistemas y su interaccion con sefales

*sefiales no absolutamente sumables

(ej. : respuesta impulso de un sistema inestable)

Propiedades

Funcion de transferencia
Unilateral: solucion ecuaciones diferenciales con condiciones iniciales
Bilateral: caracteristicas del sistema (estabilidad, causalidad, resp. frec.)

Analisis transitorio y estabilidad de sistemas LTI




6.2 La transformada de Laplace
S=0+ jw

e =e”'el”' =g cos(wt) + je”'sen(wt)

o = Factor de amortiguamiento exponencial <0
w= Frecuencia del coseno y seno

x(1) y(1) x[n] yin]
» H >

> H —> 6.2 d
(a) (b) ©
x=e* = yO=H"j=h*x(t) = [h()xt-r)dr

y(t) = T h(r)e*" dr = { T h(r)e™"d r}e“ =H(s)e"

HE=H(s)e®  ;  H(s)= Th(r)eSTdT

e* = funcion caracteristica del sistema
H (s) = valor caracteristico del sistema

H(s)=|H(s)e"® ; ¢(s)= fasede H(s)
y(t)=|H(s)e¥ e =|H (o + jo)e'e) i)




e* =e”" cos(wt) + je”'sen(wt) 6.2 b
y(t) = ‘H (o+ ja))‘e‘” cos(ot + (o + jw))+ j‘ H(o+ ja))\e“‘sen(a)t +p(o+ jo))
H(s)= Ih(f)e’”dr ; S=o+ jw

H(o+ jo)= Th(t)e‘("”‘”)tdt = [Ihwe =t rdz

FT: X ()= [ [OFdt 5 [x]=o=[" X(jo)e™'do
- 27 =
h(t)e ™ «F>H(o+ jo)

h(t)e " :%J‘w H(c+ jo)e''dw
/i

h(t)=—=]" H(o+ jwe ™ do
27 I

=] Hio+jordo : s=o+jo : do=2
27 o

1 o+ joo
h(t)=— H(s)e*'d
O=5 | H(oe'ds 60C

H(s)= Ih(t)e’s‘dt ;  Paratoda sefial x(t)
X(t) = ZL I mjij (s)e*ds = Transformada inversa de Laplace de H (s)
7Z'J o— Joo
X(s)= Ix(t)e‘“dt =Transformada de Laplace de h(t)
X<t X() 3 xMe T <« X(o+ jw) = X(8)

dt < oo

condicion de convergencia ; Hx(t)e*St

ROC : Region de convergencia=intervalo de ¢ para converja transfor.




Figure 6.2 (p. 485)

The Laplace transform applies to more general signals than the
Fourier transform does. (a) Signal for which the Fourier
transform does not exist.

(b) Attenuating factor associated with Laplace transform. (c)
The modified signal x(t)e-°t is absolutely integrable for ¢ > 1.

-ot

et X(t)e

x(1) e st x(1) e s
elu(r) c>1 o>1
s>1 —_

1 x ¥ - | s>l

1 J\

t t t

(1] 0 0

(a) (b) (e}

6.2d
Si x(t) es absolutamente sumable: X(jo)=X(8) |,
La transformada de Fourier estd dada por la transformada de
Laplace evaluada a lo largo del eje imaginario

M
X(S) = bys" +by 8" " +...+bs+b, Dy IT.6-co
s"+a, s" " +...+as5+3a, HL“_I(S_dk)
C.: cerosde X(S) = o

d,: polosde X(S) = x




Figure 6.3 (p. 486)

The s-plane. The horizontal axis is Re{s} and the vertical axis
is Im{s}. Zeros are depicted at s=—1 and s =—4 + 2j, and
poles are depicted at
s=-3,s=2+3j,and s=4.

V= v
S=> 0O 3 X
o
O
X '] X S
-4 -1 10 4
o -2
_3 X
s-plane
6.2 €

Ejemplo 6.1. Determine la transformada de Laplace de
x(t) =e*u(t) (causal)

y describa la ROC y la localizacion de polos y ceros. Suponer “a” real

0 © _1
X(s) = J'eatu(t)e—stdt _ J‘ef(s—a)tdt _ — p-(s-at |;o
S 7

R o>a
lime ™ = lime @@t =

t—>o t—>o

X(s)=L , Re(s)>a = ROC




Figure 6.4 (p. 487)
The ROC for x(t) = e?tu(t) is depicted by the shaded region. A
pole is located at s = a.

A%
V=2 o
S—=>0
O
X S
0l a
s-plane
6.2f

Ejemplo 6.1. Determine la transformada de Laplace de :
y(t) =—e"u(-t) (anticausal)
y describa la ROC y la localizacion de polos y ceros. Suponer “a” real

0

f 8 - ——|e 52 _L —(s-a
Y(S)Z'[O[—etu(_t)k tdt = J'e( )tdt_s_ae( )t|2OO

—00

. o<a
lim e ™" = |im e @7t =

t——0 t—>—o

X(S):% , Re(s)<a = ROC

polo s=a
Y (s) = X(3)




Figure 6.5 (p. 488)
The ROC for y(t) = —e2u(-t) is depicted by the shaded region.
A pole is located at s = a.

V= o
Jjv
S=> 0O
(o2
x S
0 a

s-plane

6.3 La transformada de Laplace unilateral.

X(s):j;’ x(edt ;  X(t)<«L—X(s)

ea‘tu(t)<L—“>L : ea‘tu(t)<;>L ROC Re(s)>a
s—a

PROPIEDADES  X(t)«——>X(s) ; Yy(t)«—>Y(s)

Linealidad ax(t) + by(t) «——>aX (s)+bY (s)
1
Escalamiento X(at) <L—“>H X (ij

Corrimiento en el tiempo  x(t —r)<L—“>e‘s’X (s)
VT |X{t—7)ut)=x(t—-7)ut—-r)




PROPIEDADES (cont.) 6.3a

Corrimiento en el dominio s e ' X(t) <> X(s—Ss,)

Convolucién X(t)* y(t) «—=— X (s)Y (s)
- d

Diferenciacion en el dominio de s —tx(t)<L—“>£ X(s)

Diferenciacion en el dominio del tiempo %x(t)<L—U>sX (s)—x(0")

n n-1
X(t) <= 5" X (5)— XM . —...=s"?2=x@®)| . —s"'x(0"
e () «—=—s"X(s) ez Ml ™ ®l._, (07)
t 1 po X (s
Integracion Lo X(T)d“L—“)gJ:w X(T)df+%)
Teorema valor inicial !ijgsx (s)=x(0")
Teorema valor final lsinE} SX(s) = X(0)  solo si Re(polos)<0

6.4 Inversion de la transformada de
I—ap lace. X(t) = Lj'ﬁ_ij (s)e*'ds
27T Jo-ie
_B(s) bys" +by, " +...+bs+b,
CAGS) sV+ay SN+ +as+a,

X(S)

M M-1
bys” +by_S" +...+bs+Db,

HEZI (S - dk )
Polos reales: NA A
polos d, distintos, X(S)=)" ; Aeu(t) o

X (S)=

o s—d, s—d,
polo d. multiplicidad r, Aj‘ , A12 Saeees Ai' -
s—d; (s—d)) (s—d;)
n-1
At edk‘u(t) L, A

(n—=1)! (s—d)"




6.4a

Polos complejos
Si los coeficientes en el polinomio del denominador son reales, los

polos complejos se presentan en pares conjugados complejos.

polos conjugados complejos: o+ jo, , a- jo,

A A B;s+B, _ Bs+B,
S—a-jo, S—-a+jw, (S—a-jo)(S—a+ jo,) (S—a)2+0)02
2
- G- Gey g ¢, =B%tE
(s—a) +w, (s—a) +o, @,
C,e” cos(a,Hu(t) «—=— & (S;a) -
(s—a) +w,
C,e“'sen(a,t)u(t) «—— C.0,
? ¢ ) § (s—a)* + a)o2
Transformadas de Laplace bésicas (1)
Senal Transformada ROC
1 o+ joo S .
=5 J,.;. X ()e"ds| x(5)= [ xvye
1
u(t) 5 Re{s}>0
tu(t) si Re{s}>0
ot-7),7>20 g Vs
e u(t) L Re{st>
s+a e{sj>-a
1
te *u(t >-
e u(t) s1a) Re{s}>-a




Transformadas de Laplace bésicas (2)

Senal Transformada ROC
1 fo+io s o
KO= 55 L XEOESS X (5)= [ x(pe e
s
[cos(@tlu(t) . Re{s}>0
1
@,
[sen(at)]u(t) S Re{s}>0
, s+a
[e™ cos(ayt)Ju(t) — Re{s}>-a
(s+a)’ +/ {s}
o,
[e *sen(w,t)Ju(t) — Re{s'>-a
: (s+a)’ + @ s}
N n!
t"u(t) pey Re{s}>0
6.4Db
Problema 6.8 _3s+2
Encontrar la transformada inversa de Laplace de (5)= 2 +45+5
X (s) = 3s+2  3s+2  Bs+B, | B_3:B -2
P +4s+5  (s+2)°+1° (s—a)+e, @ °
C(s—«a C,m,’ Ba+B
X© (s l(i)zﬂ)oz +(s 0{2)20+a)2 €i=Bi=3:C, = 1602 =
- 0 - 0 0
X(s)-_6*+2) —41
(s+2)°+1° (s+2)*+1°
C(s-a)

C,e” cos(at)u(t) «—=—
: 0 (s—a) +w,

2
C,o,

C,e“'sen(a,t)u(t) «—=—
: 0 (s—a) +am,

X(t) =3¢ cos(t)u(t) —4e*'sen(t)u(t)

10



6.5 Solucidon de ecuaciones diferenciales
con condiciones iniciales.

dN del d
ay dt—Ny(t)+aN71Wy(t)+...+alay(t)+a0y(t) =
dM dM—l d
=b,, dt—Mx(t)+bM4Wx(t)+...+blax(t)+box(t)
As)=as" +a,_s""+...+as+a,
B(s) =by,s" +by,_s" " +...+bs+b

N k-1

|
Cls)=2,> as"™" % YO o

k=1 1=0

D(s)zZZbksk - jt. Xl
A(S)Y (s)—C(s) = B(s)X (s)—D(s)

6.5a

A(S)Y (s)—C(s) =B(s) X (s) - D(s)
B(S)X(s)-D(s) . C(5)

A(s) A(s)
condiciones iniciales nulas = C(s) =0 =Y (s) =Y ")(s)
entradanula = B(s)X(s)—D(s)=0=Y(s)=Y " (s)
B(s)X (s)-D(s)

A(s)

Y(s)=

Y(P(s)=

C(s)
A(s)

p; = frecuencias naturales del sistema

Y(s)=Y O (s)+Y ™ (s)

YO =—= ; AS)=0=raices=p;; yt)=)e"

Frecuencias naturales del sistema : raices de A(s)=0




Problema 6.38
Problema 6.38 Determine la respuesta natural y forzada para
el sistema LTI descrito por la siguiente ecuacion diferencial

%ﬁ(.‘] FAOg(t) = 10x(t), w0 )= 1. x(t) = ult)

1
Xis) -
8
Yisi(s 4+ 10) 10X {s) + g0
Tf( 5) 10X (5]
s+ 10
10
s(= 4100
1 =
& s 4 10
grrif) [1 = 1D.'] w(t)
n (0]
Y s s 1 10
."I"” I:f:I - m'l.'rl:f:I

6.6 La transformada de Laplace bilateral.

X(t) = X (s) = Tx(t)e‘“dt ; X(t) no causal

—00

Propiedades de la region de convergencia ROC

Si x(t) es de orden exponencial.
La ROC de una seiial lateral izquierda es de la forma 6<oc,
[x(t)=0, vt > b]
La ROC de una sefial lateral derecha es de la forma ¢>0,
[x(t)=0, vt<a]
La ROC de una sefal bilateral es de la forma ¢,<6<c,
(es de extension infinita en ambas direcciones)

12



Propiedades de la region de convergencia ROC 6.6 A

Las propiedades de: linealidad, escalamiento,corrimiento,
convolucién y diferenciacion en el dominio s son idénticas para
la transformada bilateral y unilateral, aunque las operaciones
asociadas con estas propiedades pueden cambiar la ROC.

Corrimiento en el tiempo X(t—7)«<Lt—>e "' X(s)

Diferenciacion en el dominio del tiempo ix(t)<_L_>sx (s)
con ROC al menos R, t

Integracion en el tiempo

f x(r)du—L—)@, ROC : R, "Re(s) >0

Teoremas del valor inicial y final ,con la restriccion x(t)=0 t<0

Inversion de la tranformada de Laplace bilateral 6.6 b

M
M M-1 — N
by S +by, S +...+b15+b0=b|v|| E Ck)zz '
N N-1 N >
S" +ay,s +...+as+a, |Ik:1(S_dk) o s—d,

X (S)=

Ae*'u(t) <t Akd con ROC Re(s) >d, Transf. lateral derecha

k

—Ae*u(-t) Akd con ROC Re(s)<d, Transf. lateral izquierda
S

k

La ROC asociada a X(s) determina cual de las dos se elige.

La propiedad de linealidad establece que la ROC de X(s) es la
Interseccion de las ROC de los términos individuales en la expansion
en fracciones parciales.

Si la sefial es causal elegimos transformada lateral derecha.

Una sefial estable es absolutamente integrable y existe la transformada
de Fourier, la ROC incluye el eje Re(s)=0.

13



Problema 6.43 Use el método de la la descomposicion en 6.6C

fracciones simples para calcular la sefial en tiempo continuo
correspondiente a la siguiente transformada bilateral de Laplace :

-s—4
X(S)=— "
%) s +35+2

a)Con ROC Re(s)<-2
b)Con ROC Re(s) > -1
c)Con ROC —-2<Re(s)<-1
—s-4 -3 2
S 135+2 s+l 542
a) x(t)=3e"=2e)u(-t)
b) x(t)=(=3e" +2e " )u(t)

c) X(t)=-3e'u(-t)+2e*u(t)

X(S)=

6.7 Analisis de sistemas mediante la
transformada de Laplace.

x(1) y(1) x[n] yin]
—_— H — —_— H —

(a) (b)
_ % L _ _Y(s) _ Funcion de
YO =hH*XH Y =HEXE = HE) = X(s) transferencia

14



6.7 A

Funcién de transferencia y las ecuaciones diferenciales

N d k M d k L N . M v
> a =yt =D b —x(t) <> asY(s) =D bs X(s)
k=0 dt k=0 dt k=0 k=0

x(t)=e* = y(t) = H(s)e™

k Kk K
kiak :?{GM}H(SF%M d—{em} ; d {e“}:skeSt
=0

k=0 dt* dt*
M

Zbksk M B
H(s)= Ye) _ = :b_MHk:I(S C)

X(s) Yask A [T (s-d)

6.7b

Descripcion de funcion de transferencia y variables de estado

a,(t) Qi(s)

t
q(t) = qzz( ) (;)a(s) _ Qz(s)
Ay (V) Qn(s)

%Q(t) = Aq(t) +bx(t) «——>sT(s) - AG(s) = bX (s)
y(t) = cq(t) + dx(t) <Y (s) = cG(s) + dX (s)

(sl — A)G(s) = bX (s)

d(s) = (sl = A) 'bX (5)

Y(s)=[c(s1- A)'b+d]X (s) = H(s)X (s)
H(s)=c(sl-A)'b+d

15



Causalidad vy estabilidad 6.7C

La respuesta al impulso es la transformada inversa de Laplace
de la funcién de transferencia (;ROC ?)
La descripcion de la ecuacion diferencial no da informacion de ROC

Si el sistema es causal h(t)=0 para t<0, la respuesta al impulso se
determina de la funcién de transferencia empleando transformadas
inversas de Laplace laterales derechas

Si el sistema es estable la respuesta al impulso es absolutamente
integrable, existe la transformada de Fourier, la ROC incluye el eje
jo enel plano s

Un sistema estable y causal deben tener todos los polos en el
semiplano izquierdo del plano s

Figure 6.19 (p. 524)

The relationship between the locations of poles and the impulse
response in a causal system. (a) A pole in the left half of the s-plane
corresponds to an exponentially decaying impulse response. (b) A
pole in the right half of the s-plane corresponds to an exponentially
increasing impulse response. The system is unstable in this case.

v h(r)

x s :{> J\ t

0 0
V= o

(a)
S=> 0O y
v h(r)

(b)

16



Figure 6.20 (p. 524)

The relationship between the locations of poles and the impulse
response in a stable system. (a) A pole in the left half of the s-plane
corresponds to a right-sided impulse response. (b) A pole in the right
half of the s-plane corresponds to an left-sided impulse response. In

this case. the svstem is noncausal.
v hit)

x s j> J\ t

0 0
N s-plane

(a)
S=>o v h(1)

x s i> ‘/I—r

s-plane
(b)

Figure 6.21 (p. 525)
A system that is both stable and causal must have a transfer
function with all of its poles in the left half of the s-plane, as
shown here.

V= o

jv Ss=>o h(t)

s-plane

17



Determinacion de la respuesta en frecuencia 6.7 d
a partir de polos y ceros. Diagramas de Bode

v 2™ b, [T6-o
X© iaksk a [ (s-do)

v _de
b [1Go-c) -2
ay H:‘:,(jw_dk) HN (l_ja)J

H(s) =

H(s) <« 5 H(jw)=

k=1

b T 00
N
A Hk:! (=dy)
Calcularemos la respuesta en frecuencia del sistema combinando

apropiadamente las respuestas en frecuencia de cada polo y cero.
Suponemos que todos los polos y ceros son reales

H( —jwj 6.7 €

Cy
N jo
Hk:l B I

M
H(jw)|,, =20logK|+ 20log
k=1

H(jo)=K

-4

k

jo
1-— sumas

M
—>.20log
k=1

k

. M jo| & jo
arg{H(]a))}:argKJrZarg l—C— —Zarg l—d— sumas
k=1 k k=1 k

Consideremos un factor polo

Hy, (J0) =% ; donde d, =-w, real

1-2Z
dy

H 2
[y, (jo) = —2010g1+i}—a)‘ - —1010g(1+w—2j
b

@,




2 6.7 €2
polo Hdk(ja))db:—IOIOg(lerz]
@,

Asintotas bajas frecuencias, @ << ®,

a)Z
—1010g(1+2] ~—10logl=0db

@,
Asintotas altas frecuencias,  >> o,

2 2
—1010g(1 +“’2j ~ —10102{“’} - —2010g[a)
(2N ,

} =—201log|w|+201og|w,|
o, b

corte de asintotas : @ = @, = frecuencia de cruce o transicion

w (o) S (] 7f
arg{H(ja))}:argK-{-zarg(l_J(:G)J_Zarg(l_:ja)J 6

un polo H, (jo) :ﬁ ; donded, =-w, real

1-—
dy

arg{H a, ( ja))}z —arg{l+ jo/w,}= - arctan(wJ
@y
Asintotas bajas frecuencias, @ << @,
- arctan[wJ ~ —arctan(0) =0
@y

Asintotas bajas frecuencias, @ >> @,

W
—arctan| — |~ —arctan(e) = -90°
@,

w=w, = arg{H d (Ja)b)}: —arctan(wb] = _45°
),

b

19



1

1+ (jvivy)

Figure 6.30 (p. 535)

Bode diagram for first-order pole factor: 1/(1 + s/my).

(a) Gain response.
(b) Phase response.

/\

Actual

vivy, Error (dB)

—20 dB/decade

2
1072 107! 100 10! 0% 107
vivy,
(a)

o/ w, V= o

107!

Actual

]O[)
viv,,
(b)
o/ w,

6.7Q

Sistema de fase minima : “ todos los polos y ceros estan en el
semiplano izquierdo”

Ejemplo 6.25 Dibujar el diagrama de Bode de un sistema
con funcién de transferencia

H(s)= 5(s+10)
(s+1)(s+50)
1+j—w
H(jo)= 10_

i Jo
1+ Ja))(1+ 50)




Pole-zero gain factors

Figure 6.31a (p. 536)
Bode diagram for Example 6.25.
(a) Gain response of pole at s =—1 (solid line), zero at S =—10
(dashed line), and pole at s =—50 (dotted line).
(b) Actual gain response (solid line) and asymptotic
approximation (dashed line).

1 10 50 100 1000 v 0.1 1 10 50 100 1000 v

V=>ow

Pole-zero phase factors

Figure 6.31b (p. 536)
(c) Phase response of pole at s =—1 (solid line), zero at s =-10
(dashed line), and pole at s =—50 (dotted line).
(d) Actual phase response (solid line) and asymptotic
approximation (dashed line).

arg{H(jv)}
<

90

1 5 10 50 100 500 1000 v 0.1 1 5 10 50 100 500 1000 v

V= o

21



Pares de polos o ceros complejos conjugados 6.7 h

W’ B 1
s’ +2lw.s+w.  1+2(C/w)s+(s/w,)

polos s=-Cw, * jo1-¢ , £<1
i 1
P(Jow) =

P(s) =

1—(a)/a)n)2 + ]2 (w/ w,)

R SR |

2 (w/ w,)
1-(w/w,)’

arg{P( ja))} =— arctan(

Pares de polos o ceros complejos conjugados 6.7 h2

/2

|P(ja))|db = —?_Olog[(l—(a)/a)n)z)Z +4§2(a)/a)n)2]

Asintotas bajas frecuencias, o << o,
IP(jw)|,, =—20logl=0db

Asintotas altas frecuencias, @ >> m,
|P(ja))|db =-20log(w/ w,)* =-40log(ew/ w,) db

Corte de asintotas = w=0,=> |P(ja))|db =—-40logl=0db
14db ; £=0.1

Real:w=wn:»|P(jcon>|db=—201og(2§)={0db . £=05
~3db ;¢ =0.707




Pares de polos o ceros complejos conjugados

arg|{P(jo)}= arctan(l —(0/w,)? j

6.7 N3

Asintotas bajas frecuencias, @ <<,

arg{P(jo)} = —arctan(0) = 0°

Asintotas altas frecuencias, @ >> o,

arg{P(jw)}=—arctan(0") = —180°

Real:w=w, = arg{P(jo,)}=-90°

20 log10| o)l

Figure 6.32 (p. 537)
Asymptotic approximation to 20log,,|Q(jo)|, where

1
AD=17 26/, )s+5% /@’

V=0

)

logq (V/V,)
1.0

—40 dB/decade




Figure 6.33 (p. 538)
Bode diagram of second-order pole factor for varying
(a) Gain response.

(b) Phase response.  Q(s)= !

1+Q28/w,)s+5° /@

10! = =
0 == e R EEE 2=02%
I Z=04[
1o? L LI1
——
z=0.56
= 10! : S
bl RN
E ID_2 = 23 ! : H : \'\ = =TI
s e e e e e e E e
103 e — - : — —— \\,':
- .
104 L
V=0 1072 107! 100 10! 10°
viv,
(a)

[H(jv)l dB

Problema 6.23 Dibujar los diagramas de bode para el
sistema con funcion de transferencia : -
6.7 11

8s+40
(@ HE)=——F—
s(s+20)

—34 =180 |-
1 1 L L 1
0.1 1 5 10 20 100 1000 v 0.1 05 1 2 5 10 20 100 200 1000 v
(a)
V= w
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Problema 6.23 Dibujar los diagramas de bode para el
sistema con funcidn de transferencia :

10
(b) HE)= Cs+1)(s+2)(s+10)

—20 dB/decade

-90
~40 dB/decade

|H(jv)| dB
&
=

-180

arg{H(jv)}

-60 dB/decade -270

0.1 02 1 2 10 20 100 v
(b)

0.1 02 1 2

V=>w

6.712

10 20 100 v

Problema 6.23 Dibujar los diagramas de bode (mo6dulo)
para el sistema con funcion de transferencia :

H(s) = 100+ 6.7 ]
s(s* +20s+100)
20
-20 dB/decade
0
o)
e
2 20
i -
40 dB/decade
—40
V=0 1 S 10 20 100 1000 v
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Transformadas de Laplace bésicas (1)

Senal Transformada ROC
X(t =2L7”. 77X @RS | x(s)= [ xvet
u(t) é Re{s}>0
tu(t) si Re{s}>0
ot-7),7>0 g st A
e u(t) ﬁ Re{s}>-a
te *u(t) s +1a)2 Re{s}>-a
Transformadas de Laplace basicas (2)
Senal Transformada ROC
X(t) = %ﬂff:x (s)e”ds| x (s) = jz x(t)e 'dt
[cos(wt)]u(t) 32 ja)f Re{s}>0
[sen(ot)Ju(t) s flwf Re{s}>0
e cos(yt)Iu(t) ﬁ Re{s}>-a
e *sen(wt)lu(t) ﬁ Re{s}>-a
uct) Sl' Re{s}>0

26



Transformadas de Laplace bilaterales,

para senales distintas de cerbpfra

Senal Transformada ROC
_u(-t) X Re{s}<0
tu(-t) Siz Re {s}<0
ot-1),7<0 g Vs
—eu(-t) ﬁ Re{sj<-a
—te™u(-t) s +1a)2 Re{s}<-a

Propiedades de la transformada de Laplace (1)

N Transformada | Transformada
Senal , ) ROC
unilateral bilateral
x(t) X(s) X(S) seR,
y(t) Y(s) Y(S) seR,
ax(t)tby(t)| aX(s)+b¥Y(s) | aX(s)+b¥Y(s) [almenosR, MR,
e " X(s) o
X(t-1) si X(t—o)u(t) = x(t — )u(t - ) e X() Ry
et x(t) X (s+5,) X (s+5,) R, +Re{s, }
1o(s 1 (Sj R
X2 0 — X| = X
a | e | @l i
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Propiedades de la transformada de Laplace (2)

Transformada

Transformada

Senal , ) ROC
unilateral bilateral
x(1) X(s) X(S) seR,
y(t) Y(s) Y(S) seR,
xOF(1) | XEYE) X(s)Y(s) |aimenos R, AR,
£x(8) LX) X R,
d X(t +
a ( ) sX (S) — X(O ) sX (5) al menos RX
t 0 al menos
Lo X(z)dz ljﬁ x(r)dz + X©) ) R, N {Re{s}>0
S o S S

Propiedades de la transformada de Laplace (3)

Teorema del valor inicial

Teorema del valor final

lsl_r>r01 SX(S) = X()

limsX (s) = x(0")

solo si Re(polos)<0

Propiedad de diferenciacion unilateral-Forma general

n

dt"

n-1

X(t) «——s"X (S)_W X®) [ _ye =

n— d n— +
-5 zax(t)h:y —s"'x(0")
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Problema 6.26

6.26. A signal #(f) has Laplace transform X (s) as given below. Plot the poles and zeros in the s-plane

and determine the Fourier transform of @(t) without inverting X (s).

fa) X(s) ?:%

Pole-Zero Map

1 T ‘ r T ‘ r -
. ) . 08k
e (s+jlls—17) i
X(s) NG IY ST o8r !
s+ 3)(s+2) :
. 04l :
zeros at: =] :
o oz :
poles at: -3,-2 2 :
T or s "
s
-0zt
04l
X (jw)
A ) w -0.6F :
—uw 1 -08F
—u.f2 | P3'.|'w k6 . L L " f i " ‘.
=35 -3 -25 -2 -15 -1 -05 ]
Real Axis

Problema 6.27

6.27. Determine the bilateral Laplace transtorm and ROC for the following signals:

(a) z(t) = e tult + 2)

N

Xis) ] () =t 1t
N
N

P oy —al
] e tult 4 2 ilt

N
o

e t1+2) gy
2

C20142)

1 + s
ROC: Rels) = -1
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Problema 6.28

G.25. Determine the unilateral Laplace transform of the following signals using the defining equation:

(e} x(f)

X{(s)

.3 fan I‘I
S WS

o
|.( gt Juat
e Y — i i

Jo- 25° )

e =
i_ [ { Hjwo—a) df —
2j LJo- Jo-

1 - 1

E.II _.Iiv:-'.(!' — A& _.Ii*-':-'.-'l I 5
52 | _,_,'E

at rllll'g

g~ tHiwota) 4y

Problema 6.30

6.30. Use the basic Laplace transforms and the Laplace transform properties given in Tables D.1 and

D.2 to determine the time signals corresponding to the following unilateral Laplace transforms:

(h) X(s) = 23% (r.s-l-lh-)

A I: 5 II
Bis)

X(s)

a(t) = te tult)

(s +1)2
LA(s) — b(t) = —ta(t)
s

e 2 B(s) «— w(t) = b(t — 2)

a £t
—t4e f.'rlell

. .2 2y \
—[t—2)% (t ‘:'mj — 2]
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Problemg 6.32

6.32. Given the transform pair z(f) ———— T-_z-fg where x(t) = 0 for ¢ = 0, determine the Laplace

transform of the following time signals:

Lo 1

i b i b1 I} 5
(a) x(3t) w(3) o =X(3)
3 3
22
X-I:.t;:I O_S
(37 +2
s
s2 L 18
RN M " Loy - :-_}Irh | 11|
iy 'I.I'I.fJI i ',r[.FJ = Xis+41) T
(s 411242
Problema 6.33
. . . Loy
6.33. Use the s-domain shift property and the transform pair e ®u(t) — ﬁ to derive the
unilateral Laplace transform of () = e~ cos(wyt Ju(t).
0 F Y 'r"li 1
i hl.'fllfll
s 4 a
x(t) e~ cos(wy t)ult)

£ gt T A
e ™ [e? 4 eI u(t)

= o] —

Ising the s-domain shitt property:

1 | |
X(s) =1 = — ok —
2\ (s — jui)+a (54 jun)+a
1 2(s+a)
Y
2 s .f.-}l2 Fwy
(s +a)

(s+a)?+wf
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Problemas 6.35y 6.36

G.35. Determine the initial value x(0F) given the following Laplace transforms X(s):

2a_Gata

|I C _-I ,“L |I ] I| i m
) . 652 + 2
(07 lim sX(s)=e 217 —
a—s 0 24252

6.36. Determine the final value #{~) given the following Laplace transforms Xi{s):

. - a
(h) Xis) = 25—

894304

(o) lim sX (s}

a

Problema 6.37

6.37. Use the method of partial fractions to find the time signals corresponding to the following uni-

lateral Laplace transforms:

1 2 2.32+1|:|-$+11
(b Xi{s) WP

25 + 10s 4 11 1
5 2 - —
2z 15516 G113
1 A | 5}
(84 2)(s+3) s+2 s43

1 A+ B

1
Xi(s)

ait)

3A 4 2B
1

1

s+ 2 5
25(t) + [

L3

— 2'I] w(t)
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Problema 6.38

6,35, Determine the forced and natural responses for the LT1 systems described by the following dif-

ferential equations with the specified input and initial conditions:

(5] :J_I"j:m:f:l } -3%3;![!] FGy(t) = —dx(t) —:}%.a-(f]_ yl07) = —1, %3;(!]|'=D_ 5, x(t) = e tult)
Y(s)(s® +55s+6)—5+5+5 (=4 — 3s)
s
i —1 5
Yis) |
s s+ 1)(s+2)=s4+3) (s +2)s+3)
Y (s) 4+ Y7 (s)
. —1.5 — 2.5
Y i(s) |
5 1 5 - 2 5 - 3
o' () (—0.5e 7 — 2e % 4 2.5¢ ) u(t)
-2 3
Y s) E——
s4+2 s+43
Yy () (—2e=2 4 3 3'] w(t)

Problema 6.41

G.41. Determine the bilateral Laplace transform and the corresponding ROC for the following signals:

(b) x(t) = e cos(20)ul—t) + e tult) + 8 2ult)

Xis)

() x(t)

s—1

1 1

C(s—1)2 44
tEH-GHI:f b3

x(t)

alt) P w(t)
bit) =alt+3)

X- I: 5 :I

-‘¢|1 5 —

ROC: 0.5 = Re(s) = 1

3 3':"'"3:'.'.'[.‘ b3

£ |

e Als) o

L 1
e =) g2 A I: 5 :I r o

GAs-1)

s —23

ROC: Re(s) = 3
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Problema 6.43

G.43. Use the method of [);11'1'1;1] fractions to determine the thne signals ('ul'l'r'.—'-]wull']u_u, to the following

bilateral Laplace transforms:
-2

(b X(s) 45”4+ 8at10 2 2(s 4 1)

iy Xis) T - ( )

TN (e )(s7+H2a45) X(s) 12 R+ E  GrIT T
2 (left-gided)

(1) with ROC Re(s) < -2

x(t) (—2e A9t cos(28) + e "sin(2t)) u(—t)
(1) with ROC Re(s) = —1 (right-siced)
z(t) [2: 22 teos(2t) — e 'Hin(ﬂ.‘j] w(t)
< -1 (two sided)

(1) with ROC —2 = Re(s)

() e 2ty (t) 4 (—2e* cos(2t) + e * sin(2t)) u(—t)

Problema 6.45

6.45. A systemn has transfer function H (s) as given helow. Determine the impnlse response assimning

(1) that the system is causal, and (1) that the system is stable.

e ' i PR
(a) His) = 234222 H(s) 24 |
= 541 s—1

iy . £t BETFA [} i A
(i) systemn is cansal hit) 26(t) + (e7" + ") u(t)

e . £k R b b g
(11) system is stable h(t) 20(t) + e ult) + —e'u(—t)
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Problema 6.47

6.47. The relationship between the input x(t) and output ¢(t) of a causal system is described by the
differential equation given below. Use Laplace transforms to determine the transfer function and mmpulse

response of the systern.
(b ﬁﬁifjff] FShy(t) 4 Gylt) = () + ()
i LS = Rl HT. () wf 4 AR HT' i
el e | Be | B | )
Yisis™ +5s 4+ 0) Nis)1l 4 =)
541
(s +3)is+2)

His)

Problema 6.48

6.48. Determine a differential equation description for a system with the following transfer funetion.

f " i ! E[H 2]
'.[,' jr_lrll.'ﬁll m

Vis)(s® 4 5s% + Ts +3) X(s)(3s2 +6s+3)
R C T A, d .
—lt) + S—=ylt) + T—wit) + 3yit) 2—x(t) — dx(t)

di di? et it

35



Problema 6.49

(b} Determine the transfer function, impulse response, and differential equation deseriptions for a stable
LTT system represented by the following state variable descriptions:

-1 1 3 ) i
Wa=| o L, =] | ¢ [1 2]. D = [0]

H (s c(sI—A) b+ D
54+3

s 3z 1
2 -1
s+ 1 | s+ 2
hit) (2 b E'J.'r[f:l
2 d d
W'W" | .}Wﬁl‘f}l () m,rll."} F 3wt

Problema 6.50

6.50. Determine whether the systems described by the following transfer functions arve(i) both stable

and cansal, and (1) whether a stable and cansal inverse system exists:

a &5 — 1
£1.% £ a4 3e_0 Hig -
'-h,' ‘rflx""al l:,,+3:||:_35+2,,+_r_,:| v 2 4+ 2s+5

Ze1To ak: |
]'II.J].('H at: -1+ 2;‘

-1, the system 1= both stable and cansal.

(i) All poles are in the LHP, and with ROC: Re(s) =

{11) Not all zeros are in the LHP, so no stable and cansal inverse system exists.

54 2

Fo D! |"‘-.=+1.|I:'-'J+2':I ]r']r-'__\

(a) H(s) = mrnntrae 110 0 2 1 25+ 10
Zero at: -2
poles at: —1+3j

-1, the system is both stable and causal.

(1) All poles are in the LHP, and with ROC: Re(s) =

{i1) All zeros are in the LHP, so a stable and cansal inverse system exists.




Problema 6.55 a

6.55. Sketch the Bode diagrams for the systems described by the following transfer functions.

o T '3':'
I."-I--I 'Irjrll.h.ll _‘-‘*+I.“.:"'+Ilj'|

Bode Diagram

Gm = Inf, Pm = 7862 deg (at 4 4561 rad/sec)
20 T T

Magnitu de (cB)

Phase (deg)
|
&b
5

-135

-180
10

Frequency (rad/sec)

Problema 6.55 b

6.55. Sketch the Bode diagrams for the systems described by the following transfer functions.

v rre o 20{ad1)
II]]JI .Ir_lr Ls) m Borle Diagram

Gm = Inf, Pm = 52.947 deg (at 2.1553 rad/'sec)

50 T T
=
=
o
b
2
5
]
=
=
-100 : :
-120 T 5 T
B
=
=150
3
2
o
-180
10

Frequency (radisec)




